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SINGULAR  I NTEGRODI FFERENTI A L EQUATION  OF  THE  PROBLEM  OF  OUTFLOW  OF 

/ 

LIQUIB  FROM  UNDER  A SHIELD 


E.  Duysheyev. 


Various  problems  of  the  outflow  of  liquid  from  under  a shield, 
taking  into  account  force  of  gravity  and  force  of  surface  tension, 
were  Studied  by  many  authors.  A detailed  review  of  worts,  dedicated 
to  such  problems,  is  available  in  [1,  2].  Let  us  examine  the  steady 
motion  of  incompressible  liquid  (taking  into  account  the  simultaneous 
action  of  forces  of  gravity  and  surface  tension)  between  horizontal 
walls  FA  and  FOE.  In  this  case  the  upper  wall  FA  on  the  right 
terminates  with  shield  AB,  slanted  at  angle  oC  ( « £ ),  and  the 

lower  - coincides  with  the  axis  of  abcissa . The  axis  of  ordinates 
passes  through  point  0 and  the  bottom  edge  B of  shield  AB.  Liquid, 
with  density  $ » flows  out  from  under  the  shield  with  free  surface 
BE. 
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Set  the  magnitude  of  speed  and  the  thickness  of  stress  /j. 

at  point  E be  assigned.  It  is  required  to  find  speed  if  os  BE.  Is 
such  a setting  this  problem  is  reduced  in  [ 3 ] to  a systes  of  two 
equations,  the  study  of  which  was  produced  by  the  method  if 
successive  approxisations  for  certain  values  of  parameters.  However, 
the  question  about  the  solvability  of  the  problem  for  other  small 
values  of  parameters  in  [ 3 ] remained  open. 

Jn  this  work  the  system  of  equations  of  the  problem  is  studied 
for  snail  Froude  number  £«  characterising  the  forms  of  the  flow 

liqes. 

Let  us  introduce 

* v-£»  k*y,  a) 

Then  from  system  (1.14),  (1.6)  of  work  [3]  we  easily  obtain  the 
system  of  nonlinsst  singular  integrodif farential  equations  with  small 
parameter  t < i t 

um,  5 

UsN)~0,  S- 1,2.  («) 

Here  for  brevity  of  writing  the  following  designations  are  used: 


■ I 
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<zv.i  — Si*[Q(*) -■£(*)].  0, , /T7 


Vf-I  Xu)\ 

X(t)*U*t)u',(i>,  U(‘)>0  , 


(5) 


2d 

9 


The  splution  of  problem  (3),  (4)  we  will  seek  in  the  fori: 

u.U.o*  W*  (H+i  yf(t,e)+n»(t,U' 

S}t')»u}(V+lTUt)  + HtUUt 

where  T(t,t^  are  expressed  through  sought  functions  ya(i,i)  and 

rii(t.t)  « e»d  WtdJ  - solution  of  the  confluent  systen: 

u)«)  ■ =§? J Wt«)  = o . (7) 

The  physical  sense  of  equations  (7)  involves  the  fact  that  with 
B*o  the  free  surface  BE  of  the  stream  flowing  out  from  under  the 
shield  4B  is  horizontal.  Taking  into  account  (h),  froa  (7)  we  find: 
’WtU)  = {[l  - t*p(-£  J ( y4r  " "STTz)  f,<*M*)}y*")'OL(l) 

- I 


Substituti na  now  in  /II  _ wo  will 
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g>u,e., e.,a), 

/7i (i. e )•  J 9 s fnV<*‘-*)dxt  ^ 

9i*WtU)  + tytrt,t),  &t*td*U.L)*tf{*t)y£(i.t), 
ftau X*neT(ht), 


Let  functions  yt(),T0),rb(‘),$O}  be  represented  with  the  aid  of 

?«  T«,e>-£%  Ule"  \ (w 

vhere  and  satisfy  Holder  boundary  condition,  and 

at=co«s<.  <V*; 

The  problnn  non  involves  finding  functions  ?1„rv;  and  n^t). 

Let  us  assuoe  that  analytical,  with  respect  to  U,,V  and  Q 

functions  P(-) . biV(-)  together  with  their  derivatives  of  (£*k+j)  and 

(<■'+*)  orders 

R./a.  j>iM-  b-^rSL  • 

6 = &V, 

satisfy  Holder  boundary  condition  , vhere  fron  structure  $(•)  and  (7) 
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follows 


4P 

= Pxmo  m O , Kt1  * i * V 


Using  the  analyticity  of 


fractions  0^),  6 iVf-)  and  placing  (12)  in  (9)  , and  then  equating  the 


coefficients  with  identical  powers  of  6 , we  obtain  a systee  o f 
linear  singular  integral  equations: 

% (*)  - (t)*U>t)[£ M-  ?,;*.<  (*)]V(Wit0), 

v>'1'  t (15) 

%Jt)=  XTji)m  /" ^ 

‘ ^ (Trt)Ji-X* 


*■  v (x.hjtxT 

Here  for  convenience  of  reasonings  there  are  used  designations: 

U*U#mN)%  J4i 

/.,(«  • $ CL  .«/7 ?■■/'■'  fA- >] * 

*z'a.»>[(2 

/*«»•<*»  *•#  / W jti  4 

i.K.jZi, 


where  seas  ace  expanded  by  rales  indicated  in  [4].  Pros  the 

structure  of  functions  &0),  £*  V(-)  it  follows  that  J,„(1)  and 

are  United  and  satisfy  Holder  boundary  condition.  Since 
Vi.fVy  - known  function,  then  froa  system  (IS)  it  is  possible  to 
easily  find  Let  pst(*J>  Xai.rt-i  be  found.  Then,  by  applying 

the  theories  of  linear  singular  integral  equations,  for  any 
frcs  expression  (15)  we  find 
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-fait)* xVi* «)>  «)~-p!.(+)l fan)?.* <-*)+ 

+ P^UHi+VxW'U)*  fin  (t)+  (is) 

* &T  - *7 I ) V-tnMdx ] 

Siailarly,  from  the  analyticity  of  function  <P  , tnV  ani  (10),  (13» 
we  will  have  the  following  recurrence  equations  for 


= Cx‘f)^',(zx ii/V-v  ({7> 

a<o0U,L)fl,n«,i)-  Sx«.e>/xeT' 

» /' *«  - F.  (i.o,  (m 

- <KU.V. 

(fi  f i Y 6ufa,l)T»*fa>C)  * _/ 
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0-<’>  -s  ciL[s..„  n.ufj 

rMJ. 

£(■)  = a...  a.bjttt).  w,(i,e) + 

£rf  /®  '**,*•  (t  &)  *■  3mjik  UAlfextoftjt)]* 

*£/<u  H'UflE &')'  (£[  W>  A*>  (W» 

% 

[£(?$*>  £»«,;»«.  ■ 


&*twS  d,.<t,i)c;n‘.:ft.o , 


i***i 


i*** u*t)- Hu  (*,e)t 


where  J,.j(-)  , </.«(■)  ~ derivatives  of  (i**.*j)  and  6.*)  oriers  of 

faqction  PP  and  £nV  with  respect  te  dependent  variable. 


Since,  by  virtue  of  the  structure  of  foraulas  (5)  , functions 
J)c^(’)  are  integrated  and  are  continuous  according  to 

Holder,  and  the  right  side  of  equation  (17)  satisfies  Lifshits 
condition,  then  equation  (17)  is  solvable. 
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Let  us  assuie  that  and  the  solution  of  equation 

(17)  is  found  [ 4 ]. 


For  assigned  n = 1 froa  (18)  it  is  not  difficult  to  determine 

riM  l»«t  functions  Q. '**  Ot£) , i*  already  be  found.  Than  and 

consequently  R({,Z),  - is  known  function.  Considering  that  the  first 

equation  of  systaa  (18)  can  easily  lead  to  an  equation  of  Fredholm 

type,  the  solution  of  which  is  presented  in  the  fora: 

< 

/*(*'**)  Q"'*-1***'  (i9) 

- 1 

where  R(‘)  - resolvent  of  kernel 


i i/  . M.£)  8to<*,€)  r,/rtr  ctooi  (T.t), 

Hi')  - oreJf-V J f (T't} rfT> 

4 ' 1 

J(ijE)  - ex p(e  J a“°f 5.f  )dsj , ciicJ'  o, 

t 

QJ'h  f«.e)[nin(-U)+t,f  n**>FJ*:e)°(x]. 


Estimates  for  functions  ytn(t) , fliJ*,*)  and  convergence  of  saries  (12) 
and  (13)  are  established  similarly  [4]. 


\ 


thus,  by  knowing  functions  (8),  (12),  (13),  (16),  (13)  and  (19), 

we  can  determine  the  solution  of  initial  prcblea  by  foraula  (6) , 
where  with  strives  toward  the  solution  of  confluent  system. 

On  the  basis  of  (6),  (8),  (12),  (13),  (IS)  and  (18),  (19)  the 
magnitude  of  velocity  W /«  V.ttA.t.X),  and  consequently,  &({)■* 


L 
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is  known  function  of  t,  depending  also  on  a - angle  c*  slope  of 
shield  AB,  ssall  Proude  number  £< / and  parameter  A,  considering  the 
coefficient  of  surface  tension.  Omitting  detail,  let  us  present  the 
formula  of  the  coefficient  cf  compression  of  the  stream  in  the 
following  form: 
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